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The inductive response of metals to applied fields with trapezoidal time dependence i s described for samples with 
cylindrical geometry and for slabs. The influence of coil effects and magnetoresistance is accounted for but mean free path 
and surface effects are ignored. Experimental data obtained for tin show a close agreement with the theoretical predictions. 
1. Introduction 2. Theory 
Conductivity measurements by means of inductive 
methods are widely used and sometimes have advan- 
tages over others. In principle two shapes for the wave 
form of the varying field component are considered: 
sinusoidal fields [1 ] and ramp fields [2]. The latter 
method was discussed by Clark et al. [3] and Callarotti 
et al. [4]. The merits of both methods were analyzed 
by Wejgaard and Tomar [5]. 
Mean free path effects in inductive measurements 
were discussed by Reuter and Sondheimer [6], Dingle 
[7] and Cotti [8] for slabs. This theory for a fiat 
boundary was applied by Llyal and Cochran [9] to 
cylindrical samples with radii much larger than the 
mean free path. A general solution for cylindrical ge- 
ometry was obtained by the authors [10]. The effect 
of surface roughness was treated by Fal'kovskii [11 ]. 
In this paper we will consider the response of cylin- 
drical samples and slabs subject o applied fields with 
trapezoidal time dependence (see fig. 1). The method 
has several advantages over the two mentioned above, 
particularly when at fields between the extreme field 
values phase transitions occur due, for example, to 
superconductivity [16, 17]. In the present heory no 
restrictions on the field dependence of the conduc- 
tivity over the width of  the tickling field will be made, 
but mean free path and surface effects will be ignored. 
As can be seen from the derivation below not only the 
conductivity but also its field dependence can be 
obtained in one single measurement. 
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We will consider an infinitely long non-magnetic 
cylinder of unit radius. The applied induction will 
only have a component parallel to the axis of the 
cylinder. In cylindrical coordinates V X ~V= -a/~/a t, 
v x H = d and J= oE can be combined to the standard 
equation 
a2Bz + IaB  z aB z 
~r 2 r O--r" =PO° at (1) 
Implicitly two restrictions are made here. First, all 
mean free path effects are neglected. Secondly, it is 
assumed that the variations of the induction Bz(r,t )
inside the sample due to the induced currents are so 
small that o can be considered to depend on the 
applied induction Ba(t ) = Bz(1,t ) only. So in practice 
only slow variations of Ba(t ) are allowed. 
We can write the boundary conditions inside the 
sample 
B2(r,0) = 0, 0•r< 1; (2a) 
aBz(O,t) _ 
0, all t. (2b) 
Br 
When the applied induction has a trapezoidal time 
dependence, we can write for the increasing part 
Ba(t) = 0, t < 0; (2c) 
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Ba(t ) = at, 0 <<- t <<. t1. 
Eq. (1) now can be solved with the help of finite 
Hanket ransforms [12] defined as follows: 
1 
f(r)rJO(Pr) dr, (3) f(p) 
o 
where p is any positive root of Jo(p) = O. The inverse 
transform then reads: 
f(r) = 2 E f(P)Jo(Pr)/J?(P) • (4) 
p 
Eq. (1) transforms into 
OB = p2(~Ba( t )  - B ), (5a) 
/aO° 
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(2d) B(p,t) = (aJl(p)/p){t - (#ooo/p2)(1 - e-p2t/u°°°)). 
(7) 
Hence, with the help of (4) 
B(r,t) = a{t  - 2UoOo 
× E P-3(l - e-PZt/u°°°)Jo(Pr)/Jl(P)} • 
p 
(8) 
From (8) it follows that the average induction in the 
sample Bav(t ) equals 
1 
Bav(t) = 2 f rB(r,t) dr 
0 
=a{t-41aoOO ~,p p-4(1-e-p2t/uoao)}. (9) 
where the boundary condition (2b) has been used. 
From now on the suffix z will be omitted. 
Substitution of (2d) gives: 
~0o._ ~_ = atPJl(p) _ p2 ~. (5b) 
The voltage induced in the pick-up coil, diae to the 
flux change in the sample, is proportional to the value 
of EO at the sample surface: 
Eo(t) =-~a(1-4  ~. p-2 e-p2t/uooo). (10) 
P 
Usually equations like (1) are solved by means of 
Laplace transformation. However, in that case the 
transformed equation is still of second order with re- 
spect o position. The use of finite integral transforms 
with respect to position will always lead to a first 
order differential equation. Therefore this method 
was preferred. The solution of (5b) reads: 
The same result of course is obtained by combining 
EO = - (1/#oOo)/( aB/~r) and (8). 
1 Since E¢(0) = 0 we obtain Npp-2 __ Z. It can be 
shown [ 13 ] that 
1 E p-4= ~ and E p -6=1 192, 
p p 
t 
B(p,t) -aJ l (p) { t -  ~ dre g(r)-g(t)} 
P 0 ' 
with 
X 
g(x) = (p2/u o) f dx'/o(x') 
o 
Here the transform of boundary condition (2) 
J3(p,0) = 0 has been applied. 
In the absence of magnetoresistivity o =o 0 is a 
constant and (6) reduces to 
(6) 
which allows for numerical evaluation of Bay and Ee 
at larger values of t. For instance, in that case (9) 
reduces to 
AB = lim (Bav(t) - a t )  = --~1 a/lOoO" (11)  
t - -~  
For (8) we can then write 
Ba(t ) - B(r,t) = ¼(1 - r2)t~U0o0, (12) 
showing the parabolic induction distribution i side 
the cylinder. This distribution will be built up in a 
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Fig. 1. (a) Waveform of the applied field Ba(t); (b) the response 
curve E~(t). 
realistic values of these quantities eperately to under- 
stand their influence on the measured behaviour. 
The influence of coils effects was discussed by 
Callarotti and Alfonzo [4] for ramp fields and by 
Van de Klundert et al. [14] for sinusoidal time depen- 
dence. Since, as in ramp fields, coil effects in trap- 
ezoidal wave forms can lead to considerable rrors, we 
will discuss this case in some detail. 
Let the coil generating the applied induction have 
self-inductance L and series resistance R. The time 
dependence of the applied voltage to the circuit be 
linear with time for t > 0. Then the time dependence 
of B a in an increasing field will be given by 
O time r l .  For an accuracy of 1 70° rl must be at least 7 
times the largest response time in (8). 
When at t = t 1 the external induction is kept con- 
stant the value of E~ will decay to zero according to 
E¢(t) =-2a  ~ p-2 e-p2(t-tl)h~oao. (13) 
P 
ffa(t) = 0, t < 0, 
= a{t - T00 - e-t/r0)}, t > 0, 
(15) 
with T 0 = L/R.  
The solution of the transformed equation (5a) 
then reads 
This is a consequence of the boundary conditions 
B(r, tl) = Ba(tl) - ¼(1 - r2)oqaOoO , 
Ba(t) = at 1, t >1 t 1. 
(14) 
The behaviour ofBa(t ) and E~(t) for a complete cycle 
is shown in fig. 1. For samples of radius R, eq. (11) 
must be replaced by 
1 2 AB = -~a/.toooR . (11 A) 
In (10) and (13) the quantity/%% must be replaced 
by Po%R 2. An anologuous derivation can be given for 
a slab. The important relations are given in the 
appendix. 
3. Coil,effects 
In the above derivation two assumptions concerning 
the time dependence of the applied induction and the 
B-independence of a were made which in the general 
case will not hold. We therefore will consider more 
t 
f f (p,t)  = e-t/rp f dr er/rp B'a(r)Jl(p)/(pTp) 
0 
- aJ l(P) {t - TO0 - e -t/r°) 
P 
r0(1 - e -t/r°) - rp(1 - e-t/rp) 
-Tp }, 
with rp = P0o0/P 2. The following results are now 
obtained: 
(16) 
I Jo(Pr) B'(r,t) a l t  - r0(1 - e-t/ro) _ 2P0o 0 
p p3Jl(P) 
r0(1 - e -t/r°) - rp(1 -- e-t/rp) ~ 
X , (17) 
r o rp I 
e; ( t )= ' (  -~a  1 - e -t/r° -- 4PoO 0 
X ~, p-4 e-t/tO -- e-t/rp 1 
p i '  (18) 
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r r 1 
Bav(t ) = ea( t ) - ~alaOO 0 
+ 4a#0o0 ~ p-4 roe-t/r°--1-pe-t/rP-- (19) 
p 1"0 - 1"p 
The expressions are put in such a way that they are 
most suitable for numerical evaluation. They reduce 
to those of the previous ection by putting 1"0 = 0. 
Substitution of o 0 = 0 (i.e. 1"p = 0) gives the correct 
expressions for empty coils, determining the last terms 
as the eddy current contributions. The above ex- 
pressions can readily be adapted in order to describe 
the time interval where the applied induction decays 
exponentially to a constant value. 
The corrections, due to taking account of the finite 
values of 1"0, show up in a more pronounced way in 
the shape of E~(t) vs. t than in the "hysteresis" curve 
where Bay(t) is plotted as a function Of Ba(t). In fact 
aEe~/a t = ~o, whereas OE~/at = 0 at t = 0. If we con- 
sider a small time constant for the coil, i.e. 1"0 < 1"p, 
where Pl is the first root of J0(p) = 0, it can be said 
that the effect of the self-inductance is to shift Ec~(t) 
over a time interval 1"0 to approximately E~(t). This is 
shown in fig. 2. The main changes in the hysteresis 
loop will occur around t = 1"0 not affecting the final 
apparent magnetization proportional to AB 
1 = -~a/a0o 0. It is therefore concluded that evaluation 
of this quantity may have advantages over plotting 
E~(t) vs. t on a semilog plot. The influence of r 0 on 
AB is shown in fig. 3. 
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Fig. 2. The response curve E~(t) in the case of a linear increas- 
ing field in the presence of coil effects for different values of 
ro/~pl. 
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Fig. 3. The influence of rO/rPl on ZxB' = B a - Bay according to 
eq. (19) for the values of zo/rpl used in fig. 2. Curve Co) almost 
coincides with curve (a) and has been omitted. 
4. Bdependence of o 
The next extension of the theory deals with the 
fact that a may not be a constant but will vary with B. 
In order to reduce the calculations we assumed in 
section 2 the variations of B inside the sample to be 
small compared to the total variation of the applied 
induction. We may then regard o only to depend on 
Ba, so o(Ba) = OB(t). Eq. (1) can then be rewritten as 
a2B 1 aB aB 
Or 2 + r a--r = laO°B at" (20) 
According to (6) and (4) the solution of (20) is 
B(r,t)  =a{t- 2 ~ Ip Jo(Pr) / [p J l (p)]  } 
p 
(21) 
with 
t 
Sp = f dt e g(r)-g(t). 
0 
E~ is given by 
~(t)  = -(2~/.0o8) Y. Sp. 
P 
(22) 
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In general the integrals Ip have to be evaluated numeri- 
cally, but in special cases analytical calculation is
possible. Some of these cases will be treated below. 
First, however, we wish to draw attention to the fact 
that if o B approaches a limiting value o/~ when B a in- 
1 creases, E~ will take the limiting value -~a. This can 
either be concluded from the direct approximation of
Ip or from the following special solution.' 
Suppose aB varies linearly With B: 
do 
o~ = oo + B-d~= Oo + ~t. 
Consequently, 
= 1 In a0 + ~r g(r) g(r) 
08 
and 
t iOO+~r~p2/uo~ i 
P 0 
ao ~(P2/"°')+l }/(p2 + llO~)" 
(24) 
(23) 
Since in all practical cases I/~0~1 ~ p2 for all p, the 
• 2 /z  • 
quantity (OO/aB)P / o~ will become much smaller 
than 1. So for large values of t we have 
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EO ~ -2a  ~p p-2 ~---~--]{1  0~ I :  -½a(1 - l_8a~t0~) "do\ 
(25) 
In fig. 4 the time dependence ofE~ given by (24) is 
shown. It should be noted that the relaxation of E~ 
to a constant value does not imply the absence of 
magnetoresistivity, since finite values of do/dB also 
allow for this effect, as can be seen from (25). More- 
over, it is obvious from (25) that E~ will take the 
limiting value of -½a when do/dB = O. 
Another analytically solvable problem is the case 
when o jumps discontinuously from one constant 
value, o0, to another constant value, o 1. Let this jump 
occur at t --- 0. Then the boundary conditions are 
B(r,t) = at - ¼(1 - r2)aPoOo , t <~ O, (26a) 
Ba(t ) = at, all t. (26b) 
The transform of (26a) reads 
B(p,O ) = p -3 j  1 (p)alaOO  . (26c) 
Analogously to (6) the solution of the transform of 
(20) for t > 0 is given by 
c~ JI(p) {t - p-2u0o 1B(p , t )  = P 
X[1- (1 -~ l )e -P2t /~°°1]} .  (27) 
.5 
.4- 
,1- 
Vo i ~ ~ ~ 
Fig. 4. E~(t) in the case of a linear increasing field and a conductivity a B linear in the applied induction o B = a 0 + ~t; ~tOa 0 = 2, 
~o~ = 0.5. The solid line shows the limiting value 0.468 following from (25). 
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Fig. 5. E¢p(t) and Ba(t) - Bay(t) in the case of  a discontinuous 
jump in a; (a) the conductivity o as a function of time in two 
cases: (1) a0/a 1 = 1.5 and (2) aO/al = ~-; (b) the corresponding 
E~(t) curves; (c) the corresponding Ba(t) - Bay(t) curves. 
From this result one can derive 
(, Bav(t ) = a t - g#0Ol + 4#0o1(1 - o0/o 1) 
X ~. p-4 e-p2t/#ool }, (28) 
P 
Ee~(t)=-~a{1-4(1-OO/Ol)~p-2e-p2t/#°°l}.  
P 
(29) 
In fig. 5 Ec~(t) and Ba(t ) - Bav(t), as obtained above, 
are shown. 
5. Experiments 
Measurements have been performed on a poly- 
crystalline tin ellipsoid with axes of 30 and 5 mm. 
The ellipsoidal shape was chosen in order to avoid 
hysteresis in superconducting transitions. Girard et al. 
[15] have shown the absence of the above effect in 
samples of  this shape in contrast o even long thin 
cylinders. Although the superconducting transition is 
not studied in this paper, it will be the subject of 
future investigations which will be reported. The pick- 
up coil was wound around a middle section of the 
ellipsoid over a length of 10 mm. In addition to the 
inductive measurements the dependence of o on B 
was determined by a standard .c. method using a 
wire obtained from the same material. For values of 
the applied induction relevant to our experiments he 
results obtained by the d.c. method can be described 
accurately by 
1 + aB 2 
o(B) = o 0 - -  B < 50 mT, (30) 
1 + bB 2' 
where 
a0 = 9.32 × 10 l° ~2-1 m- l ,  
a = 2.8196 X i02 T -2 ,  
b = 1.0436X 104T -2.  
This empirical relation enables us to find an analytical 
expression for g(r),  but Ip has to be evaluated 
numerically. 
The typical result for E~ vs. t is shown in fig. 6. It 
can be seen that the calculated and measured curves 
are in close agreement. It may be noted now that in 
the present state of the investigations it is possible to 
verify an assumed B dependence of o direct from one 
measurement. However, due to the memory effect, 
represented by the integrals Ip, the reverse only can 
be done by iterative processes. An indication on the 
B dependence of  o can already be obtained from the 
Bay - B a vs. t curve. 
Finally we wish to draw attention to the fact that 
in the presented calculations we only allowed for 
variations in o and considered/a 0 as a constant. As can 
be seen from (20) only the product /m plays a role in 
the theory. So analogous results can be obtained for 
cases where o is a constant and # varies, e.g. at 
B = B c in type II superconductors, and even when 
b'oth ~actors vary with B. 
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Fig. 6. The response curve Eo(t ) in the case of magnetoresistivity; (a) calculated on the basis of (30); (b) measured at a frequency 
of 1 Hz and an amplitude of the applied field of 50 roT. 
Preliminary experimental results relevant o those 
latter cases have already been reported elsewhere [16, 
17]. It has also been demonstrated there that the use 
of fields with linear time dependence has the advan- 
tage of allowing for a direct determination of the 
B dependence of the quantity ~a. A more detailed 
analysis will be the subject of a forthcoming paper. 
a2B aB 
Ox 2 = ~tO° O-~' (1') 
B(O,t) = BOr, t) = Ba(t ) = at. (2d') 
The finite Fourier transform [12] and its inverse are 
given by 
Acknowledgements 
The authors express their gratitude to Professor 
L. C. van der Marel for stimulating discussions and to 
Mr. H. A. Steffens and Mr. M. Caspari for technical 
assistance during the measurements. The cooperation 
with Dr. P. Le Grand, resulting in some useful 
relations for zeros of  Bessel functions, is gratefully 
acknowledged. 
f(k) = .[ f (x)  sin kx dx, (3') 
0 
2 ~ f (k)  sin kx. (4') f(x) =-~ 
k=l 
Eq. (1') transforms into 
laoodB=kBa[1 - ( -1 )  k] - k2/~. 
dt 
(5a') 
Appendix 
The derivation given in section 2 for cylindrical 
geometry is repeated here for a slab. Again we take 
the applied induction in the z-direction parallel to the 
surfaces of the slab. The x-direction is perpendicular 
to these surfaces. The intersections with the x-axis are 
at x = 0 and x = zr. Then the corresponding equations 
read 
It can be seen here that only odd values of k contribute 
Taking o = a 0 as a constant, the equation can be solved 
easily. After inversion, the solution of (1') reads 
B(x,t) = t~ {t 4 ,-~ ~oOo 
X ~ k-3(1 - e -k2t/uOoO) sin kx}. 
k=odd 
(8') 
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For the average induction in the slab one finds 
Bav(t )=t~{t-~2PO°O ~ k -4 (1 -e -k2t /~°°° )} .  
k=odd (9~) 
The induced electric field at the sample surface is 
__8 
Ey(Tr,t) = ~rre 1 - rr 2 ~, k-2 e -kh/#°a°} =-Ey(O,t). 
k=odd 
For large values of  t eq. (9')  reduces to 
1 2 
AB = - i i  °-#Oo07r • 
(10') 
(11') 
Taking the sample thickness 2d rather than 7r one 
obtains 
1 2 A B = - g~POoO d . (11 a') 
O" 
%0 
-.2- 
~.4~ 
~.6 
-1.0 
0 ..~ 1.0 tk 2'0 2~ 3:o 
~t 
Fig. 7. The response curves E¢(t) in the case of (a) a cylinder 
with radius d and (b) a slab with thickness 2d. E 0 is the limit 
of IEol for t ~ ~, [eqs. (10) and (10')]. The time constant rpl 
is different for both curves because of the different p-values. 
Finally the parabolic f lux distr ibution is shown by the 
asymptotic behaviour of  (8') 
Ba(t) B(x, t )  =' - ~O~UoOoX(rr - x). (12') 
The influence of  the sample geometry is i l lustrated by 
fig. 7, where the induced voltage is shown for both 
cases considered in this paper. 
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